The usual power function error estimates do not capture the true order of uniform accuracy for thin plate spline interpolation to smooth data functions in one variable. In this paper we propose a new type of power function and we show, through numerical experiments, that the error estimate based upon it does match the expected order. We also study the relationship between the new power function and the Peano kernel for univariate thin plate spline interpolation.
Introduction
For each γ > 0, define the basis function φ γ : IR → IR by φ γ (x) = |x| γ , if γ ∈ 2IN, |x| γ log |x|, if γ ∈ 2IN.
Let m γ = ⌊γ/2⌋ be the integer part of γ/2. For any integer n ≥ m γ and any set of values {f 0 , . . . , f n } of a target function f prescribed at the set of equi-spaced knots {0, h, 2h, . . . , 1}, where h = 1/n, Micchelli's theory [7] of conditionally positive definite radial basis functions guarantees the existence of a unique function s h,γ of the form In this paper we focus on the special case γ = 2 corresponding to the thin plate spline (TPS) basis function φ 2 (x) = |x| 2 log |x| and we investigate the rate at which the interpolant (1.1) converges to f uniformly over [0, 1] , as h → 0. If f has a Lipschitz continuous third derivative on [0, 1], Bejancu [3] proved that the uniform error over a fixed compact subset of (0, 1) inherits the maximal convergence rate O(h 3 ) obtained by Powell [9] and Buhmann [5] for 'cardinal' TPS interpolation on the infinite grid hZ Z. Due to boundary effects, however, the uniform norm of the error over the full interval [0, 1] decays at the much slower rate O(h 3/2 ), as illustrated numerically in [2, 11, 6] .
The usual method for error estimation in radial basis function interpolation, reviewed in the next section, delivers bounds of the form
where P h,γ is the so-called 'power function' associated with φ γ , while f belongs to the 'native space' generated by φ γ [15, 17] . It is well known that theoretical convergence rates based upon bounding P h,γ (x) uniformly for x ∈ [0, 1] do not match the actual rates of decay of the error achieved in numerical experiments if f has sufficiently many continuous derivatives. This discrepancy was first observed by Powell [10] for the bivariate TPS interpolant.
For γ = 2, in section 3, we obtain a new error bound which employs a 'mixed power function' M h,µ defined by means of the basis functions φ 2 and φ µ , for µ ∈ (0, 4). We then perform a numerical study of max x∈[0,1] M h,µ (x) as h → 0, which shows that, for µ ∈ [3, 4), the mixed power function decays like a constant multiple of h 3/2 . This matches exactly the previously known numerical order of uniform convergence of the error f − s h,2 on [0, 1], for sufficiently smooth target functions f . In section 4 we prove that, for µ = 3 and x ∈ [0, 1], the mixed power function value M h,3 (x) is, up to a constant factor, the L 2 -norm of the Peano kernel of the error functional at x. Moreover, we provide numerical evidence that the smaller L 1 -norm of this Peano kernel does not in fact decay faster than the mixed power function when measured uniformly over [0, 1] . It is hoped that these results and the conjectures formulated in the paper will motivate future work to establish theoretically the uniform convergence order O(h 3/2 ) for univariate TPS interpolation to sufficiently smooth target functions.
Error estimates via the standard power function
In this section we review the power function technique to obtain error estimates for univariate interpolation with the radial basis function φ γ . A key role in this technique is played by the generalized or distributional Fourier transform of φ γ . 
The standard power function
As above, let m γ = ⌊γ/2⌋, n ≥ m γ , and h = 1/n. For each x ∈ IR which is not in the knot-set {0, h, . . . , 1}, Micchelli's theory implies that the quadratic form
is strictly positive whenever the non-zero vector v = (v 0 , . . . , v n ) T ∈ IR n+1 satisfies
Further, for each j ∈ {0, 1, . . . , n}, let ℓ (γ) j,h be the unique function of the type (1.1)-(1.3) which satisfies the Lagrange interpolation conditions
Then we have the Lagrange representation formula for the interpolant (1.1):
as well as the reproduction formula
With the above notations, for each x ∈ IR, the vector
has the property that it minimizes the quadratic form (2.1) among all non-zero vectors v ∈ IR n+1 that satisfy (2.2).
The minimum value of the quadratic form Q γ,n defines the square of the socalled 'power function' P h,γ : IR → [0, ∞), namely
Note that P h,γ (hj) = 0, ∀j ∈ {0, 1, . . . , n}.
Proposition 2.3. [17]
For each x ∈ IR, let
Then we have the absolutely convergent integral representation
Error estimates
For each γ > 0, let κ γ = ⌈γ/2 + 1⌉ be the least integer that is greater than or equal to γ/2 + 1. In order to obtain error bounds for any target function f ∈ C κγ [0, 1], we construct an extension f * : IR → IR of f as follows (cf. [3] ). By the Whitney extension theorem [16] , there exists f ∈ C κγ (IR) such that
Let ν be an infinitely differentiable cut-off function which satisfies ν(x) = 1 for x ∈ [0, 1] and ν(x) = 0 for sufficiently large |x|, and set
Clearly f * ∈ C κγ (IR) is compactly supported and coincides with f on [0, 1]. Furthermore, its Fourier transform f * , defined as the continuous function
for any t = 0. In particular, f * is integrable over IR, so f * can be recovered via the Fourier inversion formula
2) for j = 0, . . . , n. Then (2.9) and (2.3) imply the error representation
where Θ x,γ is given by (2.6). Moreover, as a consequence of (2.8) and the definition of κ γ , we have
i.e., f * belongs to the so-called 'native space' generated by φ γ . Using (2.7) and the Cauchy-Schwarz inequality in (2.10), we obtain the error bound
Further, Wu and Schaback [17] showed that the variational characterization of the power function given in Proposition 2.2 implies
for a constant B γ independent of h. On the other hand, Schaback and Wendland [14] proved that the exponent γ/2 cannot be increased in the above bound. Thus, the power function technique leads to the maximal estimate O(h γ/2 ) for the uniform norm of the error over [0, 1].
A mixed power function for univariate TPS
In this section we focus on the TPS basis function φ 2 (x) = |x| 2 log |x|, i.e. γ = 2. According to (2.12) , in this case the power function satisfies
However, numerical experiments [2, 6, 11] suggest that the uniform error
is of the magnitude of h 3/2 for a sufficiently smooth target function f .
To address this discrepancy, we start from the integral representation (2.7):
Note that expression (2.6) satisfies hj · ℓ
This fact, together with the series expansion of the exponential, provides the bound (3.3) for t → 0. The bound for |t| → ∞ follows from the triangle inequality.
As a consequence of (3.3), the integral (3.2) is still well defined if |t| 3 is replaced by |t| 1+µ , for any µ ∈ (0, 4), µ = 2. We may thus define the mixed power function M h,µ : IR → [0, ∞) whose square is given by
Under this integral, the Lagrange functions entering in expression (2.6) of Θ x,2 (and generated by the TPS basis function φ 2 ) are combined with the generalized Fourier transform of the basis function φ µ (cf. Lemma 2.1).
We now let κ = ⌈µ/2 + 1⌉, f ∈ C κ [0, 1] and, as in subsection 2.2, consider the compactly supported extension f * ∈ C κ (IR) of f to the whole real axis. Then the error analysis of subsection 2.2 recast in terms of the mixed power function implies
where
This shows that, for a fixed µ ∈ (0, 4), estimates of the decay of the mixed power function M h,µ as h → 0 will deliver error estimates for TPS interpolation. Therefore we state the following problem:
Problem 3.1. Given µ ∈ (0, 4), µ = 2, does there exist an algebraic decay rate of the mixed power function uniformly over [0, 1], i.e., a largest value α µ > 0 such that max
Before embarking on a numerical answer to this problem, a few remarks are in order. Firstly, note that, due to (3.7), the above target function f ∈ C κ [0, 1] has its compactly supported extension f * in the native space generated by the basis function φ µ , rather than the native space generated by the TPS basis function φ 2 as in the standard estimate (2.11) for γ = 2. Thus, for a given µ ∈ (0, 4) (µ = 2), the resulting mixed power function error bound (3.6) is precisely what we would expect if we measured the TPS interpolation error for target functions in the native space of φ µ ; this approach is investigated in [12] in the context of approximation rather than interpolation. In particular, the mixed power function bound (3.6) applies to the smooth (C ∞ ) target functions employed in the numerical experiments of [2, 6, 11] .
Secondly, recall the two equivalent expressions for the standard power function: the direct form (2.5) and the integral representation (2.7). Letting m = ⌊µ/2⌋, an application of Theorem 3 from [17] shows that the mixed power function can also be expressed as
(3.9)
Thirdly, note that (3.4) implies that the TPS Lagrange functions ℓ
j,h satisfy constraint (2.2) of the variational problem from Proposition 2.2 with µ in place of γ. However, the solution to that problem is provided by the values of the Lagrange functions generated by interpolation with the basis function φ µ . As a result, the bounding technique [17] that leads to the estimate (2.12) for the standard power function cannot be applied to obtain estimates on M h,µ .
We now turn to a numerical investigation of the behaviour of the mixed power function. For a fixed parameter µ ∈ (0, 4), µ = 2, we compute an approximation M
of the left-hand side of (3.8) for h = 1/n, starting from n = 128 and proceeding as follows:
1. For the current mesh-size h and each j ∈ {0, 1, . . . , n}, express the TPS Lagrange function ℓ (2) j,h in the form (1.1) and compute its coefficients by solving the system (1.2)-(1.3), where f i = δ ij , i ∈ {0, 1, . . . , n}.
2. Use (3.9) to evaluate the mixed power function at the set of mid-points X eval,h = {h/2, 3h/2, . . . , 1 − h/2} and determine its maximum value
3. Double n and repeat steps 1-2 as long as n ≤ 2048.
The results displayed in Tables 1-4 show that, for each chosen µ, the values of M
where c µ and α h,µ are also included in the tables. On the basis of these numerical results, we are led to the following conjecture. Table 2 : Decay of the mixed power function for µ ∈ (1, 2) Table 3 : Decay of the mixed power function for µ ∈ (2, 3] Table 4 : Decay of the mixed power function for µ ∈ (3, 4) Conjecture 3.2. The mixed power function satisfies the estimate (3.8) with the algebraic decay rate
4 The mixed power function for µ = 3
Note that if Conjecture 3.2 can be established for a particular value µ ∈ [3, 4), then the mixed power function bound (3.6) implies a new and improved error estimate for thin plate spline interpolation on the unit interval, namely, for any
This would provide a theoretical explanation of the numerical results reported in [2, 6, 11] .
In this section, we investigate Conjecture 3.2 for the special case µ = 3. By (3.5) and (3.9), the square of the mixed power function M h,3 , combining TPS Lagrange functions with the cubic basis function φ 3 , is given by
(4.2) Figure 1 illustrates the decay of M h,3 as h → 0. It can be confirmed numerically that the decay rate O(h 3/2 ) of M h,3 suggested by Table 3 applies uniformly on [0, 1], i.e. all peaks of the plot decay at this rate.
We now relate the mixed power function M h,3 to a classical error analysis method, namely the Peano kernel representation. Let
For each 
where K h,x is the 'Peano kernel' given by Proof. The reproduction property (3.4) implies that K h,x is compactly supported on [0, 1], and that
Then, by Lemma 2.1, the Fourier transform of the kernel K h,x is the analytic and square integrable function
where Θ x,2 is defined by (2.6). Therefore, using the first line of (4.2), the Parseval-Plancherel formula, and the compact support of K h,x , we deduce 2π
which is the required conclusion.
As a consequence, we obtain an alternative way of bounding the error f −s h,2 in terms of the mixed power function M Finally, a related question of interest is whether a sharper uniform error bound can be obtained from (4.3) via Hölder's inequality
where f ′′ ∈ L ∞ [0, 1] and
We note that this technique was used by Atkinson [1] in the late 1960s to investigate the error behavior of natural cubic spline interpolant near the endpoints of the unit interval; see also Schaback [13] for a treatment that is closer to our presentation. In the case of the TPS interpolant, a numerical answer to the question is provided in Table 5 , whose entries satisfy
i.e., B h decays approximately with the rate O(h 3/2 ) near the endpoints of [0, 1] and this rate improves to O(h 2 ) near the midpoint. Also, Figure 2 shows that the extreme peak value is well approximated by B h h 2 , while all of the lower peaks decay at the faster rate. Therefore estimating the L 1 -norm of the Peano kernel leads to the same rate of decay O(h 3/2 ) of the uniform error (3.1) as that predicted in (4.1) by the mixed power function M h,3 .
We conclude the paper by remarking that any theoretical proof of the uniform decay rate O(h 3/2 ) of M h,3 (x) or B h (x) for x ∈ [0, 1] will have to rely on specific properties of the TPS Lagrange functions ℓ Acknowledgements. A.B. is grateful to Michael Johnson (Kuwait University) for a suggestion which improved the presentation of the numerical results and for spotting a fallacious argument in a tentative proof of Conjecture 3.2 for µ = 3. The final version has also benefited from the referees' suggestions. 
